A simplified Fokker-Planck collision operator, proposed by Dougherty as an analytically tractable model for like-particle collisions, is examined. A complete set of eigenfunctions of the linearized operator is found, and the eigenvalue spectrum is interpreted physically. The connection between the eigenfunctions and fluid modes in the limit of strong collisionality is discussed; in particular, the sound speed, thermal conductivity, and viscosity as predicted by the Dougherty operator are identified.
I. BACKGROUND
In the kinetic theory of plasmas, the effect of collisions on the particle distribution function is treated by the Fokker-Planck collision operator of MacDonald, Rosenbluth, and Judd 1 (MRJ). This operator satisfies the usual properties expected of a good collision operator:
(a) it vanishes for any thermal equilibrium distribution function (any Maxwellian) (b) it drives the plasma to thermal equilibrium in the long-time limit; that is, the long-time solution of the Boltzmann equation
Maxwellian (here f is the distribution for a given particle species and C is the MRJ operator) (c) it conserves particle number, momentum, and energy.
In addition, the MRJ operator satisfies a property specific to plasmas:
(d) it accurately accounts for the dominance of small-angle scattering; i.e., it contains a velocity-space diffusion term.
However, inversion of the MRJ operator to find the distribution function is not tractable in most cases of interest. Therefore, it is desirable to find an operator that is invertible and yet preserves the important properties listed above. Fokker-Planck operator with constant diffusion and drag coefficients in order to study analytically the effect of collisions on plasma waves. However, each of these operators neglects at least one of the properties listed above and is incapable of predicting certain phenomena as a result. Specifically, the BGK operator, while conserving the necessary quantities, neglects the dominant role played by small-angle scattering in the collisional relaxation of the distribution function; as a result, in the limit of weak collisionality this operator fails to predict the dramatically enhanced relaxation that occurs over regions of velocity-space in which the distribution varies sharply. Conversely, the LB operator accounts for velocity-space diffusion but does not conserve momentum or energy;
therefore, results obtained from the LB operator cannot match onto those from fluid theory in the limit of strong collisionality.
The focus of this article is a generalization of the LB operator, conceived of by 
where
! is a characteristic collision frequency, and m is the particle mass; this operator applies only to collisions involving a single species of particle. Unlike the LB operator, the Dougherty operator conserves all of the desired quantities and therefore can match onto fluid theory in the limit of strong collisionality. Note here that strongly collisional does not mean strongly coupled, but rather the weaker condition that the mean-free-path between collisions is smaller than the spatial scale of interest (e. g., mode wavelength).
The advantage of the Dougherty operator is that it is analytically tractable. The sacrifice is that the velocity dependence of the Fokker-Planck coefficients is neglected, and therefore results are only qualitatively correct.
If the particle distribution function can be written as ,
where f ! is a small perturbation and 0 f is the Maxwellian characterized by density n 0 , temperature T 0 , and zero mean velocity, then one may write
The first two terms in Eq. (3) are identical to the LB operator, while the remaining terms are responsible for restoring momentum and energy conservation. Dougherty focuses on the inversion of this linearized operator to find . f ! Following Chandrasekhar 5 , he constructs a Green's function for the linearized kinetic equation
treating the right hand side as a source term. Using the Green's function it is possible to obtain an expression for f ! in terms of V r ! and , T ! and this expression may be substituted in the definitions of these quantities, resulting in two algebraic equations for V r ! and . T ! These equations can then be solved and f ! determined. Five of the eigenfunctions have eigenvalue zero (corresponding to conservation of particle number, three components of momentum, and energy), and these eigenfunctions are crucial in connecting onto fluid theory. We discuss the relation between these special eigenfunctions and the usual hydrodynamic modes in the limit of strong collisionality, identifying the sound speed, thermal conductivity, and viscosity as predicted by the Dougherty operator.
II. EIGENFUNCTIONS OF THE LINEARIZED DOUGHERTY OPERATOR
We may put the linearized Dougherty operator in self-adjoint form by writing ! " 
and an integral operator,
As mentioned above, the eigenfunctions, 
where n 1 , n 2 , and n 3 are nonnegative integers. The functions 3 2 1 n n n ! satisfy the orthogonality relation
We observe that any ]. 
is the projection of! onto , 
and in each such case,
is an eigenfunction of ! with eigenvalue . 
with eigenvalues . ! which span the null-space of ! , correspond to particle number, x, y, and z momentum, and kinetic energy. These eigenfunctions also satisfy the orthogonality relation given by Eq. (11).
As a simple demonstration of the utility (and basic consequences) of the complete set of eigenfunctions found above, we consider the linearized kinetic equation
which governs the evolution of a small, spatially uniform perturbation in the distribution.
The solution can be written down immediately in terms of the eigenfunctions found above:
where the coefficients The second order corrections to these eigenvalues are given by the formula
